
The Sum of Reciprocals
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Let {an} be a sequence of numbers that satisfy a0 = 3,

and (3− an+1)(6 + an) = 18. Find
n∑

i=0

1

ai
.
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Discussion: It is easy to see that

2

an
+

1

3
=

1

an+1
.

Adding 1/3 to both sides of the equation above gives us
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(
1

an
+

1

3

)
=

1

an+1
+

1

3
.

Thus, if bn = 1/an + 1/3, then bn+1 = 2bn. Hence,

n∑
i=0

bi =
2

3
(2n+1 − 1)

Therefore
n∑

i=0

1

ai
=

2

3
(2n+1 − 1)− (n+ 1)
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