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Suppose that the polynomial

P (x) = a0x
2023 + a1x

2022 + · · ·+ a2022x+ a2023

has integral coefficients. If P (0) and P (1) are odd values, does the equation
P (x) = 0, have integral roots?
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Discussion
Since P (0) = a2023, it easily follows that a2023 is odd. Moreover, since

P (1) = a0 + a1 + · · · + a2022 + a2023, and a2023 are odd, it is easy to see that
a0 + a1 + · · ·+ a2022 is even.

Let k be any integer.
If i is a natural number, then (2k+1)i is odd. Thus, let 2si +1 = (2k+1)i.

Then,

P (2k + 1) = 2(a0s0 + · · ·+ a2022s2022) + (a0 + · · ·+ a2022) + a2023

Since both 2(a0s0+ · · ·+a2022s2022), (a0+ · · ·+a2022) are even and a2023 is odd,
it follows that P (2k + 1) ̸= 0.

Now,
P (2k) = a02

2023k2023 + · · ·+ a20222k + a2023.

Since a02
2023k2023+· · ·+a20222k is even and a2023 is odd, it follows that P (2k) ̸=

0.
Thus, P (x) = 0 has no integral roots.


